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Signal Wavelet decomposition using Wavelet transform pro-

vides an alternative to the short-time Fourier transform (STFT)

for signal analysis [5, 11] resulting in signal decomposition into
Abstract . : : : . .

two-dimensional functions of time and scale. The main benefit
Image de-noising and restoration represent basic problemsfrthe WT over the STFT is in its multi-resolution time-scale
image processing with many different applications includingnalysis ability.

engineering, reconstruction of missing data during their trangg, e et functions used for signal analysis are derived from the

mission and enhancement of biomedical structures as Welkia) fynction 1w (¢) forming basis for the set of functions
This problem occurs also in filling-in blocks of missing or cor-

rupted data. The paper presents the use of Wavelet transfoFffn.« (t) = Ta W (t-b)= o W2 —k) (1)

in this area including its application for image decompositioy discrete parameters of dilatian = 2™ and translation
and rejection of its components at first. The main part of the —  2m_ \wavelet dilation closely related to its spectrum
paper is then devoted to methods of restoration of missing i'?@ompression enables local and global signal analysis. An ex-

age blocks by the search of similar structures of a given imaggple of an analytically defined Wavelet function is presented
in the Wavelet domain space and comparison of this approaghrig. 1.

with iterated Wavelet interpolation and predictive image mod-
elling. Proposed methods are verified for simulated images a
then applied for processing of magnetic resonance images.

Shannon Wavel et Function Spectrum Esti mation

1 Introduction
4
Wavelet transform (WT) represents a general tool for decor S 3 v

position and reconstruction of multi-dimensional signals fc|  **¢ * Tire Seale 10 Freauency

their analysis, resolution enhancement and further processmgure 1- Fundamental Shanon Wavelet function derived from

[5, 8, 10, 11]. The first part of the paper is devoted to the su L . i . X
mary of basic properties of Wavelet functions both in anal ngwe initial (mother) function defined by the analytical relation

ical and recurrent forms for signal decomposition and perfe}g(t.) =sin(m £/2) cos(3 7 ¢/2)/(n £/2) and the effect of its
reconstruction. llation to its spectrum compression

The Subsequent part of the paper presents a|gorithms for é{&avelet functions can be defined either in the analytical form
nal and image decomposition enab”ng the fo”owing Signa| der by solution of dilation equatlons. In the case of Daubechies

noising into selected levels using either global or local thresMi@velet functions [5] with four coefficients, the initial Wavelet
old limits [11]. function is defined by solution of equation

i ) W(z) = — c3¢0(2z) + c2d(2z — 1)
The main part of the paper is devoted to the use of Wavelet
transform for restoration of missing image blocks [4, 9, 14] by = a2z —2) +cop(2z —3) @
the search of similar structures using block features in the timehere¢(x) is the Scaling function. Coefficients of this relation
scale space. Results if this method are then compared watte chosen carefully in order to generate Wavelets with special
that achieved by iterated Wavelet interpolation method [3] an@foperties. The basic dilation equation has the form
autoregressive forward and backward prediction by image rows o(z) = + cop(2) +c1(22—1)

and columns [1, 2, 6]. +  c20(22—2) + c3p(22—3) 3)




The solution of this dilation equation can be obtained by the , . i
iterative algorithm evaluating The result of one step image decomposition for a simulated

image is presented in Fig. 4. One step of the discrete Wavelet
¢i(z) = + codj-1(22) + 1122 — 1) transform decomposition of an imaggn, m) provides coef-
+ i1 (22 —2) +c30j-1(2x —3)  (4) ficientsc(k) that can be ordered in one row vector containing

. . . lumn representation of 4 im in h mposition
for j = 1,2,--- (see Fig. 2) untily;(z) becomes close to Ice?/gl epresentation of 4 subimage in each decompositio

¢j—1(z) in a selected norm. It is possible to start from a boX
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Figure 2: Recurrent solution of dilation equations o
function¢g(z) = 1 for z € (0,1) and¢o(z) = 0 elsewhere. l JL >0
Scaling and Wavelet functions must satisfy several conditio 0 50 200 250 200
to enable perfect signal reconstruction - conservation of arggy re 4: Process of simulated image decomposition present-
condition, accuracy and the orthogonality condition [5]. ing (a) original image (b) its pixel representatiorfc) the low
Coefficients of Wavelet transform can be evaluated usim@ss image component after the image Wavelet decomposition,
Mallat decomposition tree presented in Fig. 3 for the twdd) the first level of image decomposition, aej Wavelet co-
dimensional case and the first level of decomposition. At firfficients of the original image divided into groups correspond-
each column of the image matrix is convolved with the highng with image decomposition components
pass half-band filtenfavel et function) and the complementary o o N
low-pass half-band filterS¢aling function) followed by down- Coefhuents;(k) evaluated in image decomposition stage can
sampling. Then the same process is applied to all rows of thé used forimage analysis, feature extraction, image denoising,
image matrix. Each step of the image decomposition resufstoration or compression.

in four image matrices with the number of rows and columnghe pasic metod used for Wavelet signal processing is often
reduced to the half of that of the original matrix. based upon global or local Wavelet coefficient thresholding,
filtering or modification before the following signal reconstruc-
tion. The thresholding process assume estimation of appropri-
DECOMPOSITION STAGE RECONSTRUCTION STAGE ate threshold limits [12] and the resulting algorithm includes

¢ Signal decomposition using a selected Wavelet function
up to the given level and evaluation of Wavelet transform
coefficients{c(k)} »_

juy

e The choice of threshold limit§ for each decomposi-
tion level and modification of its coefficients fdr =
0,1,---, N—1 using for instance the soft thresholding for
evaluation of values

cor?\;jo‘:;:gn conw:x?lv\:)n coanijl‘(lon colwc\zwllLluTgn — k _ S'gn C(k) (|C(k)|_5) |f |C(k)| > (5 5
dow::;mphng down:ra'gnphng ups:rr;iling ups:r:l:)hng CS ( ) - O |f |C(k) | < 6 ( )
D.1 D.2 R.1 R.2 o

Signal reconstruction from modified Wavelet transform
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Figure 3: Image Wavelet decomposition tree using column coefficients

and row two-dimensional signal decomposition with downsam- _ _
pling in each stage followed by image reconstruction Results of this process depend on the proper choice of Wavelet
functions and the selection of threshold limits.



3 Image restoration square erroB1 are the most similar blocks of the two dimen-
There are many possibilities of filling-in missing or corruptegional signal signal.

image blocks. The goal of this study is in the analysis of tWRp, ajternative for the similarity estimation represented by the

methods based upon Wavelet transform to perform this task apg square error between two matrices of pixel values of se-
comparison of results with a selected linear predictive methqdteq parts of an image is defined by relation

(i) The algorithm of image Subregions Feature Extraction and ;] M
Classification (SFEC) stands for the first method. It oper- S2= - >3 (@nli,j) - 1s(i, 4)) @)
ates with the corrupted block of a two-dimensional signal and i=1 j=1

searches for a similar block within the whole image to replaQﬁhereID andIs are theM x N matrices representing selected
corrupted parts of the image by its subregion having the C'%age parts.

est boundary components. This search has been applied to the

magnetic resonance (MR) image after its Wavelet decompo- | (<1079 ” 1st biock | 2nd block | 3rd block |
sition (see Fig. 5) to find the most significant missing block
boundary features. The pixels around the defect are used as an
evidence of the probable structure of unknown pixels and are
used for extraction and classification of image subregions.

S1 0.7168 0.7389 0.7474
S2 1.8136 1.9377 1.9461

Table 1: Values 081 andS2 for three most similar blocks of
Resulting algorithm consists of the following steps: the MR image to its corrupted part

* Extraction of corruptceq image bounda.ry feature.s. _ Table 1 shows th81 values for the three most similar blocks to

* The search of the similar structure using the sliding winpe selected one of the chosen magnetic resonance (MR) image.
dow of the same size as as the corrupted image block hg first block has the lowest value 8t and therefore it is

e Selection of the block with the closest features and réaken as the most similar. The second one represents the next
placement of the corrupted block best fit etc. The calculation of tH&2 values, which are also

shown in Table 1, indicate that the SFEC method is justified

since the values &1 andS2 show similar trends.

Using the algorithm described above the corrupted part of the
MR image can be restored. The most similar part to the cor-
rupted one is found using tl#d values after the Wavelet trans-
form decomposition of the original image. The best results
are obtained by searching for similar parts in the first level of
Wavelet decomposition. The result is presented in Fig. 5. This
level contains the most energy of the original signal.

The components of the decomposed image are then recon-
structed. The defect region is replaced by the block that has
the lowest value o81. The result of the restoration of the
corrupted part is presented in Fig. 6. The surrounding of the
corrupted block is the closest to the surrounding of the most
similar one.

(b) CORRUPTED SUBIMAGE

Figure 5: The first stage of the MR image decomposition (QIMASNEYICIRESONANCENACE
Wavelet transform according to Fig. 3 of siz& x 191 pixels
with the corrupted part (black) and its closest regions

To find similar structures a sliding block of the same size as t
defect region is taken and moved through the image. At ea B3 .
position, except for ones where the sliding block overlaps t e T
defect, the two rows and columns of pixels around the border
the sliding block are placed in a vectarThe reference vector
d contains two rows and columns of pixels around the bord
of the defect block. Then it is possible to calculate the meg
square error between the two border vectors
1 T Figure 6: Magnetic resonance image reconstruction presenting

S1= ﬁ(d —s) (d—s) ©) (a) the original image with its corrupted part and the suggested

opimilar region using Wavelet decompositi¢h) detail part of

whereNN is the number of pixels in each vector. The block ) . :
Lpgions of interest, an) reconstructed image component

blocks of an image which have the lowest border-pixels me



4 Results

The paper describes selected ways of the Wavelet transform ap-
plication to image blocks reconstruction and their comparison
with a simple autoregressive method.

Fig. 9 presents selected results of a real magnetic resonance im-
age processing by various methods described above using the
same corrupted image area including a sharp edge in this case.
The goal of such a comparison is in the study of possibilities to

- : (c) EVOLl‘JTION OF F"EAK SIGN‘ALfTofNO‘ISE RATIO ‘PSNR [dB]‘ restore |mage artlfacts [7].
. . . : . (0) Corrupted Image (1) SFEC
270 2‘0 4‘0 5‘0 8‘0 160 1;0 1<‘10 1é0 1&‘30 200
Figure 7: Iterated wavelet interpolation
(ii) The Iterated Wavelet Interpolation Method (IWIM) stands
for the second method that can be used for interpolation insi @ wim @ Pim

corrupted image regions as presented in Fig. 7. This met
assumes localization of corrupted image regions at first an
consists of the following iteration steps:

e Image Wavelet decomposition into a selected level al
thresholding of resulting coefficients
¢ Image reconstruction and transformation of the resulti

IToangsectrtc)e;:ﬁsinﬁaer:?vs?ni;a;ufif t?]lét?:ﬁ?hgfifeorggg;egtéﬁbure 9: Corrupted image and results of its restoration by
9 9 9 (ﬂ) SFEC - Subregions Feature Extraction and Classification

(iii) The Predictive Image Modelling (PIM) described in [2, 6] ‘method, g) IWIM - Iterated Wavelet Interpolation Method, and
forms another method for image blocks reconstruction using #8) PIM - Predictive Image Modelling

autoregressive method. Fig. 8 presents a part of real magnetic

resonance image of the human brain, the same signal with umerical comparison of the same image region processing is
artifact and signal after its reconstruction using the followingresented in Table 2. Results in Table 2 present/tl9¢V R
algorithmic steps: (peak signal-to-noise ratio) between two images (in decibels)

N . . and the sum of squared erroiSF) for methods described
e Estimation of autoregressive parameters for signal predic-

o : b %bove. PSNR is commonly used to measure the difference
tion in each image row using image values to the left aetween two images using thé SE as the root mean square
to the right of the corrupted block boundary 9 9 q

T ) ) difference between two images for evaluation of
e Estimation of autoregressive parameters for signal predic-

tion in each image column using image values to the top . PSNR =20 *.logIO(M/MSE) . (8)
and to the bottom of the corrupted block boundary ~ WherelM is the largest possible value of the signal.

e Prediction of each pixel inside the corrupted image blodkach method has its advantages for restoration of specific im-
using for models described in the previous steps and avage artifacts and replacement of image missing parts and Ta-
aging of resulting values ble 2 should be looked upon from this point of view on-

ly [7, 14]. Each two dimensional signal requires a different

method for its processing according to its features.

(a) (b) (©)

Corrupted Image Recovered Image

PINR[dB] | S&E PNR[dB] | SSE
1| SFEC 52.50 0.0552
2 | IWIM 44.28 8.5528 53.30 0.0526
3| PIM 52.83 0.0532

Figure 8: Results of real image restoration using predictive ir;lrf”l ble 2 Comparison of image restoration for magnetic reso-

age modelling includinga) original image (b) image with its nance sublmage processing corresponding to results and meth-
: . ods presented in Fig 9
corrupted part, ant) image after reconstruction



Methods presented above were moreover compared with fireferences

ther simple methods presented in [6, 7] including [1] S. Armstrong, A.C. Kokaram, and P. Rayner. Recon-

1. Bilinear Interpolation - BLI (linear interpolation both in structing missing regions in colour images using multi-
the horizontal and in the vertical direction) channel median models. Iixth European Signal Pro-
cessing Conference EUSIPCO-98, pages 1029-1032. Eu-

2. Triangular Surface Interpolation - TSI (interpolation ropean Association for Signal Processing, 1998.

based on Delaunay triangulation)
) ) o ) . [2] W. Etter. Restoration of Discrete-Time Signal Segments
3. Matrix Moving Average - MMA (estimation of image pix- by Interpolation Based on the Left-Sided and Right-Sided
els as arithmetic means of neighbouring pixels) Autoregressive ParameterdEEE Transaction on Signal

These methods were verified for simulated two-dimensional Frocessing, 44(5):1124-1135, May 1996.

harmonic Signals with additive random Components at first. A”[3] Onur G. Gu|eryuz_ Ilterated Denoising for |mage Recov-

methods were then applied for processing of selected real two  ery. In Data Compression Conference (DCC '02), Shao
dimensional signals representing magnetic resonance images Bird, Utah. IEEE, 2002.

with different artifacts. ] ]
[4] A. D. Kulkarni. Computer Vision and Fuzzy-Neural Sys-

Simple methods based upon a limited region of interestare very  tems, Prentice Hall PTR, Upper Saddle River, 2001.
fast and easy to implement but they provide good results for

restoration of low-frequency component only. In the case wd>] D- E. Newland. An Introduction to Random Vibrations,
need higher frequency image restoration it is useful to apply Spectrgl and Wavelet Analyss. !_pngman Scientific &
more complicated linear, nonlinear or statistical models bothin ~ Teéchnical, Essex, U.K., third edition, 1994.
the original image domain or after the application of the approjg] j. ptsek and A. Prochzka. Autoregressive Modelling in
priate transform functions. Rejection of Image Artefacts. I8th International Con-
In general it is possible to summarize that methods of image ference on Process Control, Strbské Pleso. The Slovak
restoration based upon the Wavelet transform are very pow- Society of Cybernetics and Informatics, 2001.
erful with many possibilities of their modifications taking in- [7] J. P&cek and A. Prochzka. Restoration of Image Arte-
to account specific features of regions of interests and various™ f,.ts  Ininternational Conference on Information Engi-
methods of their comparison. neering and Process Control, Prague, CZ. Czech Techni-
cal University in Prague, 2001.

J. Pecek, I. Sindetfova, A. Proclazka, and J. Smith.
Wavelet Transform in Signal and Image Resolution En-
hancement. 116th International Conference on Scientif-

ic Computing ALGORITMY 02, Podbanske, K. The Slo-
vak Technical University, 2002.

5 Conclusion

The paper presents selected algorithms allowing image compgﬂ
nents reconstruction using Wavelet transform features. In the
first case boundary features obtained after image Wavelet trans-
form are used. This approach takes into account the low-pass
image frequency components providing more reliable results
comparing to that using the original image. In the second casf] S. D. Rane, G. Sapiro, and M. Bertalmio. Structure and
a modified Wavelet denoising algorithm is used for restoration  Texture Filling-In of Missing Image Blocks in Wireless
of image components. General algorithms described in the pa- Transmission and Compression Applicatio2EE Tran-

per were applied to magnetic resonance images processing. S. on Image Processing, 12(3):296-303, 2003.

Wavelet transform becomes a potential very efficient mathg0] O. Rioul and M. Vetterli. Wavelets and Signal Processing.
matical tool in digital image processing. Although the utiliza- |IEEE SP Magazine, pages 14-38, October 1991.

tion of Wavelet transform is not very easy, methods based gffl]

this tool give very useful and interesting results in many endi-
neering areas.
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%2] G. Strang and T. NguyenWavelets and Filter Banks.

Further studies will be devoted to more detail analysis of th[
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approach and its comparison with other nonlinear method-

s [13, 7, 9, 3] of image restoration. These methods inclugesd] A. B. Suksmono and A. Hirose. Interferometric SAR Im-

also Bayesian methods which represent useful tool for high- age Restoration Using Monte Carlo Metropolis Method.

frequency image components restoration. | EEE Transactions on Sgnal Processing, 50(2):290-298,
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